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ABSTRACT: A theoretical investigation of the equilibrium partition coefficient of planar multisubunit model
structures in cylindrical pores was undertaken. These models are rigid complexes assembled from identical
spherical subunits. Model structures containing two to eight subunits were investigated. The effective
hydrodynamic radius was found to reasonably characterize the partitioning properties of the multisubunit
models; however, the partition coefficient for each multisubunit structure was significantly smaller than that
for a spherical solute with the same hydrodynamic radius. The partitioning characteristics of the multisubunit
complexes were comparable to those predicted for oblate ellipsoid particles with an axial ratio of ~0.01-0.05,
a ratio which is considerably smaller than the ratio of the smallest to largest dimension of these structures.
The results show that the partition coefficient does not correlate well with molecular radius, which is defined
as the radius of a sphere with the same volume as the multisubunit complex.

Introduction

When the size of a solute is comparable to the pore size
through which it is diffusing, reduced diffusion rates are
observed. This phenomenon is called hindered diffusion
and results from the combination of two effects: one is
an equilibrium effect and the other a transport effect. The
equilibrium partitioning of solute molecules between the
pore and bulk solutions results in an intrapore concen-
tration driving force which is less than the driving force
based on bulk solution concentrations. The proximity of
the pore wall causes an increase in the frictional resistance
experienced by the solute as it diffuses through the pore.
This description of the physics governing hindered diffu-
sion becomes more complicated when one includes the
influence of long-range solute-pore wall interactions. An
understanding of the equilibrium and transport properties
of macromolecules in porous media is important in ap-
plications such as size exclusion chromatography, mem-
brane separation processes, and heterogeneous catalysis.

0024-9297/89/2222-1775$01.50/0

The equilibrium partitioning of solute molecules be-
tween pore and bulk solutions is described by using a
partition coefficient, defined as the ratio of pore to bulk
solution concentrations. A general expression for the
partition coefficient, K, for rigid molecules based on sta-
tistical mechanics is!

Cy j;j; exp[-E(x,¥)/kT] dx d¥

K=&~ §f axav @

where C,, is the solute concentration in the pore and C,
is the solute concentration in the bulk solution. Here, x
and ¥ represent generalized position and ‘molecular ori-
entation coordinates, respectively. The potential energy
of a solute molecule in the pore is represented by E(x,¥);
E = 0 in bulk solution.

Giddings et al.! evaluated the integrals in eq 1 for rigid
molecules limited to steric or “hard-wall” interactions with
the pore wall. This hard-wall potential field results in £
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= 0 for (x,¥) values where the solute boundaries do not
overlap with the pore wall and E = « for (x,¥) values
where the solute overlaps the pore wall. This leads to a
discontinuous function for the Boltzmann factor,
exp[-E(x,¥)/kT]; this factor has a value of 1 when the
solute does not overlap the pore wall and a value of 0
otherwise. For spherical solutes, the potential energy is
independent of molecular orientation. Evaluation of the
remaining position integrals in eq 1 is straightforward and

leads to
a, \?
K={1-— (2)
To

where g, is the solute radius and rq is the pore radius.
Equation 2 shows K to be simply the ratio of the area of
two circles, one of radius = ry — a, and the other of radius
=To.

For nonspherical molecules, the orientation integral in
eq 1 can be expressed in terms of the Eulerian angles of
a coordinate system whose origin is at the center of the
solute molecule. However, the resulting integrals cannot
be evaluated analytically, even for molecules with rota-
tional symmetry. Numerical integration was used by
Giddings et al.! to determine the partition coefficient for
prolate ellipsoids in cylindrical and rectangular pores.
These results were then used to investigate the relationship
between the partition coefficient and various molecular size
parameters. It was shown that the mean external length
better characterizes partitioning than other size parameters
such as radius of gyration, hydrodynamic radius, and
molecular weight. The mean external length, also called
the mean projected length, is twice the minimum distance
between the center of the molecule and a flat surface,
averaged over all orientations. The argument is made, and
is substantiated with results for prolate ellipsoids, that two
molecules with the same mean projected length will have
similar partitioning characteristics regardless of their
molecular conformation. The concept of the mean pro-
jected length as a characteristic parameter for partitioning
of random coil polymers was discussed by Casassa.?

When the solute molecule is not rigid, integrals over
molecular conformation must also be included in the nu-
merator and denominator in eq 1. This problem was un-
dertaken by Davidson et al.? for flexible linear macro-
molecules using a Monte Carlo technique. The results
from this study illustrated the importance of molecular
conformation on partitioning, showing that K for a linear
polymer is smaller than K for a rigid sphere with the same
ratio of hydrodynamic radius to pore radius.

The effect of electrostatic interactions between solute
and pore wall has been considered by Smith and Deen.*®
The potential energy of interaction between a charged
spherical solute and a charged pore wall was determined
by solving the Poisson—-Boltzmann equation for E(x).
Here, E is independent of orientation because calculations
were limited to spherical molecules with uniformly dis-
tributed charge. The Boltzmann factor was determined
at a number of radial positions, and the position integral
in eq 1 was evaluated numerically. These results showed
that electrostatic interactions can have a significant effect
on the partition coefficient, predicting K > 1 for certain
conditions.

For the past several years, efforts in our laboratory have
been directed toward elucidating the macroscopic structure
of oil residual fractions by using intrinsic viscosity and
diffusion coefficient measurements.”® The motivation for
this work is the recognition that diffusional resistances can
be significant in the catalytic processing of heavy oil
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Figure 1. Partition coefficient values as a function of the ratio
of hydrodynamic radius to pore radius: O, three-unit complex;
O, eight-unit complex; —, polynomial fit to results for three-unit
complex; - -, polynomial fit to results for eight-unit complex; ---,
spherical solute (eq 2).

feedstocks. The design and development of effective po-
rous catalysts for such materials requires an understanding
of the transport characteristics of these materials in small
pores, and knowledge of the macromolecular shape or
conformation is necessary for the prediction of reactant
diffusion rates in small pores. An understanding of the
equilibrium properties of these materials in small pores
is also important in the interpretation of information ob-
tained from size exclusion chromatography, a commonly
used analytical technique in studies with petroleum-de-
rived materials. On the basis of our experimental results,
we have proposed model multisubunit structures to de-
scribe the macroscopic properties of Cold Lake bitumen
vacuum bottoms. These models are rigid structures as-
sembled from identical spherical subunits as shown in
Figure 1. The theoretical predictions of Garcia de la Torre
and Bloomfield? for intrinsic viscosity and frictional
coefficient for these structures were used in interpreting
the experimental results. In this paper, results from a
theoretical investigation of the equilibrium partitioning
of multisubunit complexes between pore and bulk solution
are presented. These calculations have been limited to
models with a planar geometry because our interest is in
understanding the properties of petroleum-derived mate-
rials. These materials are comprised of aromatic and cyclic
layers, and this it is expected that planar models will
reasonably describe their behavior. The approach pres-
ented here could also be applied to multisubunit structures
with other geometries.

Partition Coefficient Calculations

The partition coefficient for each model structure is
determined by evaluating the integrals in eq 1 over position
and orientation space. The pore is considered to be a
capillary with constant radius and length much greater
than its radius. Only steric or hard-wall interactions be-
tween the solute molecule and the pore wall are considered.
Therefore, the Boltzmann factor exp[—E(x,¥)/kT] is
limited to values of 1 or 0. We define P(x) to be the
time-averaged or ensemble average probability of finding
a solute molecule at position x in the pore. P(x) is defined
by considering the integral over orientation space at fixed
position:

kT
The coordinate ¥ is normalized such that P d¥ =1in

-E(x,¥)
_j; exp(-————) d¥ = P(x) (3)
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cosycosgp—-cosfsingsiny -sinycosd-cosfsingcosy sinfsing
A= cosysing+cosfcospsingy -sinysing+cosfcosgcosy -sinfcos¢ | (6)
sin § sin ¢ sin § cos ¥ cos 4
bulk solution (i.e., when K = 1). As noted by Giddings et Table I
al.,! P(x) can also be considered to be the fraction of al- Model Structures and Predictions for Friction Factor®?
lowed orientations at position x. An allowed orientation structure f/(6xuc) structure f/(6wua)

is one in which the solute molecule does not intersect the -

pore wall. This definition of P(x) is the basis for the
calculations presented here.

A cylindrical coordinate system (r,a,2) with origin at the
pore center is used to describe the position of the model
structure in the pore. The potential energy, E, is inde-
pendent of « and z; therefore, the position integral reduces
to an integral over the radial coordinate, r. Equation 1
then reduces to

f P(x) dx f P(@)8 d8

@)
S, ax fo 8 d8

where 3 is the radial coordinate, normalized with respect
to the pore radius. In order to evaluate the integral in eq
3, another coordinate system fixed to the molecule is de-
fined by using x, = (xp,yp,2,). This coordinate system is
related to coordmates X = (x,y,2) fixed in the fluid by using
the Eulerian angles (¢,¢,9). The two coordinate systems
are related through the following transformation;'®

x = Ax, 5)

K=

with matrix A given in eq 6.

The origin of coordinates x,, was chosen to be the center
of mass of the structure. The coordinates of each subunit,
xp(i), ¥p(i), and z,(i) were then defined from the geometry
of the structure (Flgure 1). To determine P(B3), the
structure was positioned in the pore and rotated through
the angles ¢, ¢, and 8 in increments of =/20. At each
orientation, the position of each subunit in the pore was
determined by using the transformation in eq 5 and 6. If
each subunit fell within the bounds of the pore, the ori-
entation was allowed; otherwise it was not. The ratio of
allowed orientations relative to the total number of ori-
entations investigated was calculated, and this ratio is
simply the value P(8). This calculation was repeated for
100 equally spaced radial positions within the pore, pro-
viding discrete values of P(8) versus 8. The values of P(8)
were then interpolated by using a cubic spline routine. The
partition coefficient was determined by evaluating the
integral in eq 4 with the cubic spline interpolant and an
adaptive integration scheme which utilizes a 21-point
Gauss—Kronrod rule. The cubic spline and integration
routines were from the IMSL library. All computations
were performed on Clarkson’s Alliant FX/8 computer.

Results and Discussion

In reporting the results from this investigation, two so-
lute size parameters are considered. The first is the ef-
fective hydrodynamic radius of each structure, which can
be determined from the frictional coefficient. The second
size parameter is the molecular radius. This is the radius
of a sphere with the same volume as the model. In com-
paring results for each structure, the solute size is nor-
malized with respect to the pore radius, r,. Calculations
were performed for each geometry for a,/ry = 0.1, 0.2, 0.3,
0.4, and 0.5.

The results by Garcia de la Torre and Bloomfield® for
the translation of these multisubunit structures in bulk
solution were reported for each structure in terms of the

D 1.700
A 1.509

o 1.333

o 2.543
Q 2.129
Q 1.922

¢ Each circle represents the center of a spherical subunit of ra-
dius o; each line segment has length 2¢.

dimensionless ratio f/(6wuoc), where f is the frictional
coefficient, u is the solvent viscosity, and ¢ is the radius
of each subunit in the structure. The effective hydrody-
namic radius a, is related to the frictional coefficient
through Stokes’ law, and therefore

(M

a, = c
®  6ruc

The value of f/(6wuc) for each structure is listed in Table

The results for the models with three and eight subunits
are presented in Figure 1 as a plot of K versus a,/r,. Also
included in this figure are the predictions for a spherical
molecule (eq 2). The results for the other geometries are
in close agreement with the values shown in Figure 1, with
K for the models with four, five, and six subunits falling
between the values for the two structures included in the
figure. Figure 1 shows that there is only a small difference
between the value of K predicted for the three- and
eight-unit complexes with the same value of a,/r,. As
expected, this difference increases as the ratio a,/ry in-
creases. Figure 1 also shows that there is a significant
difference between the partition coefficient values pre-
dicted for a spherical solute when compared to the mul-
tisubunit structures. For a,/ry = 0.5, K for the sphere is
almost twice the value for the exght-umt complex. A value
of a,/ry = 0.2 is characteristic of the reactant to pore size
ratio in a heavy oil processing catalyst. The ratio of solute
to pore size in size exclusion chromatography can span the
range of size ratios presented in Figure 1. The results in
Figure 1 demonstrate that significant errors can be in-
troduced if one assumes equilibrium properties of a
spherical solute are representative of the properties of more
planar molecules.

The values presented in Figure 1 as K versus a,/ry have
been replotted in Figure 2 as K versus the ratio r*/r,
where r* is the molecular radius of the solute. For each
structure

r* = (ng®)i/? 8)

where n is the number of subunits in the structure. Figure
2 shows that there is a poor correlation between K and
r*/ry for these structures. Figures 1 and 2 illustrate the
importance of recognizing the difference in the various size
parameters that one can use in describing molecular size.
The hydrodynamic radius provides a reasonable correlation
between K and molecular size for the planar multisubunit
structures. However, a poor correlation is observed when
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Figure 2. Partition coefficient values as a function of the ratio
of molecular radius to pore radius: O, three-unit complex; 0O,
eight-unit complex; —, polynomial fit to results for three-unit
complex; —~, polynomial fit to results for eight-unit complex; - - -,
spherical solute (eq 2).

Table 11
Comparison of Partition Coefficients for Multisubunit
Complexes
no. of /7o r¥/ro¢
subunits 0.2 0.5 0.2 0.5

0.640 0.250 0.640 0.250
0.586 0.152 0.564 0.121
0.574 0.142 0.556 0.119
0.568 0.135 0.5637 0.098
0.569 0.136 0.519 0.077
0.566 0.133 0.503 0.056
0.563 0.129 0.464 0.018

¢ Predicted by using polynomial fit (eq 9 and Table III).

Q0 O Utk 0O B =

Table I11
Coefficients for Second-Order Polynomial Fit (Eq 9)
no. of A =a./rg A=r*/ry
subunits a b c a b c
2 1.000 -2.322 1.249 1.000 -2.457 1.399
3 1.000 -2.408 1.379 1.000 -2.524 1.522
4 1.000 -2.464 1.442 1.000 -2.654 1.702
5 1.000 -2472 1475 1.000 -2.778 1.863
6 1.000 -2.462 1.452 1.000 -2.885 1.993
8 1.000 -2.486 1.480 1.000 -3.160 2.393

one compares the multisubunit structures to a sphere with
the same value of a,/r;. In contrast, the molecular radius
does not characterize the partitioning behavior even when
one compares the various multisubunit structures. The
partition coefficient values for each model geometry are
listed in Table II.

The five values of K for each structure were fitted to
second-order polynomials

K=a+ b\ + c)\? 9)

where X is either a,/ry or r*/ry. The values of the coef-
ficients a, b, and c are listed in Table III. In all cases, an
excellent fit was observed.

One might expect that the partitioning characteristics
of the planar complexes would be similar to those for an
oblate ellipsoid of revolution. To provide a comparison,
the partition coefficient for an oblate ellipsoid was de-
termined by using an expression presented by Giddings
et al.! for the mean projected length of oblate ellipsoids
as a function of axial ratio. By combining Giddings’ ex-
pression for the mean projected length with results pres-
ented in Happel and Brenner!© for the effective hydro-
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Figure 3. Partition coefficient values as a function of the ratio
of hydrodynamic radius to pore radius: O, three-unit complex;
g, eight-unit complex; —, oblate ellipsoid with axial ratio 0.5; ——,
oblate ellipsoid with axial ratio 0.05; - - -, oblate ellipsoid with axial
ratio <0.01; - -, spherical solute (eq 2).

dynamic radius of oblate ellipsoids, the following expres-
sion is obtained:

a, sinl (1 - 62)1/2[ ¢ sinl (1-@)Y2

= — -+ (10)
ro ro (1-€)1/2 2 2(1 - 2)1/2

where x, is one-half the mean projected length of the
ellipsoid and e is the axial ratio, defined as the ratio of the
minor to major axis. If one assumes the mean projected
length characterizes partitioning of all solutes, then an
ellipsoid-shaped molecule will have the same partitioning
characteristics as a sphere with the same mean projected
length. For a sphere, x, is the sphere radius. Therefore

K=11-— (11)
To

A comparison of the results for multisubunit structures
and oblate ellipsoids with axial ratios of 0.05 and 0.5 is
shown in Figure 3. For small ¢ (¢ < 0.01), the coefficient
of a,/ry in eq 10 approaches #2/8. This limiting value is
also shown in Figure 3. The K values for the multisubunit
structures are comparable to those for oblate ellipsoids
with an axial ratio ~ 0.01-0.05. This axial ratio is con-
siderably smaller than what one might expect on the basis
of the ratio of the smallest to largest dimension of the
multisubunit structures. This ratio ranges from ~0.3 to
0.5.

An understanding of the relationship between equilib-
rium partitioning and solute size is important in the in-
terpretation of elution behavior observed in size exclusion
chromatography. Experimentally, the usual procedure is
to prepare a calibration curve from known standards and
to then use this calibration to determine molecular size
(usually in terms of molecular weight) of another sample.
The calibration curve is prepared as a semilog plot of
molecular weight versus elution volume. For a homologous
series of macromolecules, one expects a linear relationship
between log molecular weight and elution volume. Such
a relationship is expected only if the conformation of all
samples used is the same because of the dependence of
partitioning on molecular shape.

In our previously reported experimental study,”® it was
determined that the properties of the larger constituents
of a heavy oil sample could be described by model com-
plexes comprised of subunits whose size was that of the
smallest constituents. That is, complexes with a constant
value of ¢ (but with an increase in the number of subunits
as molecular weight increased) were found to reasonably
model the observed behavior of these materials. The re-

Xm
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Figure 4. Molecular volume as a function of partition coefficient
for complexes with ¢ = 4.7 A and pore radius = 100 A. Each data
point corresponds to one of the structures in Figure 1. — cor-
responds to spherical solutes.

sults reported here can be used to investigate the type of
calibration curve one can expect for a series of solutes
which is modeled in this manner. Rather than molecular
weight, molecular volume is plotted on the ordinate.
Molecular volume is proportional to molecular weight with
density and Avogadro’s number included in the propor-
tionality factor. The partition coefficient is plotted on the
abscissa rather than elution volume. These values should
also be proportional assuming only steric interactions are
controlling the separation. A subunit size of 4.7 A was
chosen because this is the value we experimentally de-
termined for the sample we investigated. A pore size of
100 A was chosen because it is typical of size exclusion
packings for solutes of this size. Figure 4 shows a semilog
plot of volume versus K. The polynomial fit (eq 9 and
Table II) for each geometry was used in determining K.
For comparison, predictions for spherical solutes parti-
tioning in the same size pore are also included. Figure 4
shows that there is a nonlinear relationship between log
volume (or molecular weight) and K (or elution volume)
for these structures. This observation is illustrative of the
fact that molecular volume (or molecular weight) cannot
be used to characterize partitioning for solutes with dif-
ferent molecular conformation, even for those with quite
similar geometries. The difference between the calibration
curve for the multisubunit structures and the spherical
solutes provides further support for this statement. Figure
4 also demonstrates the errors that can be introduced if
a calibration curve prepared by using one type of molecule
is used to predict the molecular weight of a substance with
a different conformation.
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In obtaining these results, the integrals in eq 3 and 4
were approximated by using discrete segments in orien-
tation and radial position. To determine the influence of
this approach on the reported values of K, calculations
were performed with different step sizes for the six-unit
model with a,/ry = 0.2. When the angular increment was
varied from /10 to =/30 (with 100 radial positions in-
vestigated), a difference of less than 1% in K was observed
(K = 0.5661-0.5664). A similar insensitivity to the step
size in radial position was also observed. When the number
of radial positions was increased from 50 to 200 (with an
angular increment of =/20), K was found to vary from
0.5661 to 0.5666. Therefore, this approximation to the
integrals appears to be reasonable.

The motivation for this investigation was the desire to
gain some understanding of the influence of solute con-
formation on partitioning of rigid, planar solutes. The
results presented here will be useful for modeling exclusion
and transport processes for heavy oil samples in porous
media. In addition, these results may be useful in un-
derstanding and modeling the properties of polypropylene
glycol. This polymer is used as a calibration standard for
size exclusion chromatography. It has been demonstrated
that this polymer takes on a rigid, disklike conformation
under certain solvent conditions.!* The approach pres-
ented here could also be applied to rodlike geometries,
which may be used to model the structure of protein
molecules.
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